This paper is devoted to description of the relationship among oriented associativity equations, symmetry consistent conjugate curvilinear coordinate nets, and the widest associated class of semiHamiltonian hydrodynamic-type systems.
Introduction
The nonlinear partial differential system 
describing a displacement vector appears in [4] . Following [14] we call this system the oriented associativity equations. This system admits the scalar linear spectral problem (cf. [4] )
or, alternatively, the vector linear spectral problem (cf. e.g. [15] and references therein)
Integrable system (1) was extensively investigated in a number of papers (see, for instance, [9] ) dedicated to the so-called coisotropic deformations. Some other aspects were considered in [8] , [11] , [12] , [13] , [15] .
This paper is devoted to integrability of system (1) . We consider a connection of (1) with a widest class of semi-Hamiltonian hydrodynamic-type systems
we present a geometrical interpretation for (1) and linear spectral problems (2) and (3), and describe some transformations preserving (1), (2) and (3) . The celebrated WDVV equation (see, for instance, [4] , [5] , [6] , [10] )
can be obtained from (1) by the potential reduction (where η ks is a constant nondegenerate symmetric metric)
In this paper, we follow [4] , and step by step unravel the relationship among (1) and the widest class of the so-called conjugate curvilinear coordinate nets determined by (see, for instance, [1] )
where ∂ i = ∂/∂r i , δ = Σ∂ m is the so-called shift symmetry operator, and the rotation coefficients β ik depend on N Riemann invariants r k . The first subset of the above equations is the famous Darboux system, while the second condition means that the rotation coefficients depend only on differences of the Riemann invariants. For the sake of simplicity we shall call these conjugate curvilinear coordinate nets symmetry consistent.
The paper is organized as follows. In Section 2 we introduce the metric and the basic set of solutions of linear systems (determining the symmetry consistent conjugate curvilinear coordinate nets) whose compatibility conditions imply the oriented associativity equations. In Section 3 we construct the transformation from the symmetry consistent conjugate curvilinear coordinate nets to the oriented associativity equations. In Section 4 we construct the relationship between linear spectral problems for the oriented associativity equations and the symmetry consistent conjugate curvilinear coordinate nets. In Section 5 we equip the oriented associativity equations by the unity condition. We concentrate here on the three-component case. In Section 6 we prove that these oriented associativity equations are a Hamiltonian system. In Section 7 we prove that the oriented associativity equations can be interpreted as a system of equations describing Ncomponent position vector of a hypersurface in centroaffine geometry. In Section 8 we construct the inverse transformation from the oriented associativity equations to the symmetry consistent conjugate curvilinear coordinate nets. In Section 9 we construct an infinite set of particular solutions for semi-Hamiltonian hydrodynamic type systems whose rotation coefficients depend on differences of the Riemann invariants only. Finally, in Section 10 we just emphasize the relations among these very important systems.
Linear Spectral Problems. Basic Sets of Solutions
Consider two linear systems
whose rotation coefficients β ik depend on differences of the Riemann invariants r k only (see (8) ). This means that a particular set of solutions H k , ψ i satisfies two extra equations
The first set of compatibility conditions
leads to a full set of equations (7) describing conjugate curvilinear coordinate nets, while the second compatibility conditions
Remark: The symmetry consistent conjugate curvilinear coordinate nets are well known in classical differential geometry (see e.g. [1] and [17] ). Moreover, system (7), (8) was derived more recently in the context of algebro-geometric solutions for multidimensional integrable systems (see [3] ). It is interesting to note that this system also arises in quantum statistical physics, see Slavnov [16] , and in theory of the discrete analogue of conjugate curvilinear coordinate nets known as D-invariant lattices (see [2] ).
In this case N infinite series of solutions of systems (9) can be recursively found by quadratures (see [17] ) δH
where δψ (0,s) i = 0 and δH
as the basic set of solutions. Then introduce a nondegenerate (and non-constant in the generic case) symmetric metric
Lemma: N particular solutions ψ
can be chosen in the form
whereḡ sn is an inverse metric forḡ ik .
Proof: Substituting (13) into the second equation of (9) yields
Upon removing the parentheses on the l.h.s. and multiplying both sides byḡ js the above relations boil down to
Taking into account (recall that δH (s)i = 0) the equations
one obtains an identity. The theorem is proved. Then, obviously, three additional identities (where δ i k and δ ik are the Kronecker symbols)
hold. In the Egorov case β ik = β ki and the metricḡ ik = const (see (14) ).
Reconstruction of Oriented Associativity Equations
In contrast with the previous section, we consider N Riemann invariants r k as functions of N independent variables t n , i.e. we introduce N commuting hydrodynamic-type systems
whereH i is an arbitrary solution of the first linear system in (9). These hydrodynamic-type systems are semi-Hamiltonian (i.e. possess infinite set of conservation laws parameterized by N arbitrary functions of a single variable, see [17] ). In such a case, they can be written in the conservative form
where
and ψ i is an arbitrary solution (parameterized by N arbitrary functions of a single variable, see [17] ) of the second system in (9) . Introduce N conservation law densities a k such that
, see (11) and (13)). Theorem: N commuting hydrodynamic-type systems (16) can be written in the conservative form (4), whose compatibility conditions are oriented associativity equations (1).
Proof: The relationψ
follows from
where c (4)). Taking into account the second identity from (15), one can obtain
Then (see (9) )
If we take into account that the expression in the first brackets vanishes because δH (j)i = 0, and the expression in the second brackets is nothing but ψ
On the other hand, if the hydrodynamic-type systems (16) possess N conservation laws (4), then
Substituting the r.h.s. of (16) for r
which coincide with (19). The theorem is proved. Remark: The second derivatives of the functions c i with respect to the field variables a j , a k can be easily derived from (19). Indeed, the relations
i H (j)i lead (upon multiplying the third and fourth blocks of the above expression by the ratio H (p)i /H i , and summing according to the second formula from (15) ) to
which, obviously, satisfy (1) by virtue of (15) . Its symmetric form
is well known in the theory of WDVV associativity equations and Frobenius manifolds, where such expressions for c ijk can be found using the theory of meromorphic differentials on algebraic Riemann surfaces (see, for instance, [4] and [10] ).
one can easily derive (recall (15) and
Thus, the characteristic velocities v (16) ) of N commuting hydrodynamic-type systems (4) are nothing but ∂r i /∂a k . Thus, the compatibility conditions ∂v
. Thus, we conclude that
Any semi-Hamiltonian hydrodynamic-type system (see [17] )
is associated with the non-degenerate metric tensorḡ ik . The necessary and sufficient conditions for existence of this tensor are given by (here ∇ k is the covariant derivative) the Tsarev lemma (see [17] )
However, for hydrodynamic-type systems (4) we should not solve this system, because we already know that the metric tensorḡ ij in the field variables a k is given by (12) . Indeed, we have (see (12) , (15))
So, we arrive at the conclusion that the diagonal metric g kk =H 2 k in the Riemann invariants, in perfect agreement with Tsarev's definition of semi-Hamiltonian metric (see [17] ).
Anyway, taking into account the expression for the covariant derivative (24) for hydrodynamic-type systems (4) reduce to a more compact form
By virtue of (15) and (20), the first group of equations yields an identity. To consider the second group of equations, at first we should compute
Taking into account (14), (15) and (21) yields
Then, upon taking into account (15) and (20) once again, the second group of equations in (25) becomes an identity.
Linear Spectral Problems for Oriented Associativity Equations
As it was already mentioned in Introduction, the oriented associativity equations (1) can be obtained as compatibility conditions of the scalar linear spectral problem (2)
where we denote c
The function h(a) is a generating function of conservation law densities (see (17) ). Proof: If h(a) is a conservation law density, then (see (21) and cf. (18))
Also, taking into account (26) and (19), one can compute
i.e. we have
So, we arrive at the relation
which immediately reduces to the second equation in (10) . The lemma is proved. Now, consider the commuting hydrodynamic-type system (τ is a group parameter)
where H i is an arbitrary solution of first linear system (9) and
As it was mentioned in Introduction, oriented associativity equations (1) can be obtained as compatibility conditions of the vector linear spectral problem (3)
where we denote b
are conservation law fluxes for generating functions of commuting flows (27). Proof: Taking into account (28), (19) and (15), we find that
On the other hand, we have
Since the first sum equals to the fourth sum, and the second sum equals to the third sum, we arrive at the conclusion that
, which agrees with the previously computed
i H i , if and only if H i satisfies the first equation in the linear spectral problem (10) . The lemma is proved.
Remark: One commuting flow (27) can be found without integration, i.e. (y is a group parameter)
Indeed (see (20)), we have
iH i , whereH i is some solution of the first system in (9), we conclude that H i = a s H (s)i . Substituting this expression into the first system in (9) leads to an identity, and the substitution into the first equation in (10) yields
Thus, the family of hydrodynamic-type systems (4) has a simple commuting flow (29), which in the diagonal form (see the first equation in (27)) has characteristic velocitiesH i /H i such that δH i =H i .
Reduction to Canonical Form
Hydrodynamic-type systems (4) have N additional natural conservation laws
Indeed, suppose that the hydrodynamic-type systems (4) possess N additional conservation laws c Rewrite N commuting hydrodynamic-type systems (4) 
Thus, we see that functions c i k (a) do not depend on the choice of Lamè coefficientsH k , while (recall again)
iH i . Below we shall consider the reduced version, i.e.
In such a case, we pick the first "time" variable t 1 and choose the new field variablesã i ≡ c i 1 (a), and then instead of (4) we shall consider just N − 1 commuting flows
Thus, all functionsc i can be found in quadratures, i.e.
Indeed, rewrite the conservation laws (30) in the differential form
Obviously, the hydrodynamic-type systems (31) can be written in the diagonal form
Indeed, the first of these commuting flows (16) can be written in the form
Then all other commuting flows (16) reduce to (32) upon substituting for r i x from the above formula. Below we shall omit tildes over field variables a k and c n , because we are going to consider just the oriented associativity equations supplemented with the so-called "unity" condition (cf. [4] )
which is equivalent to considering a canonical set of N − 1 commuting flows (31). We shall call such oriented associativity equations normalized. Thus, the conservative representations (31) reduce to the form
In this case, the shift symmetry operator δ can be easily expressed via the field variables a k instead of the Riemann invariants r n , i.e.
Thus, two equations of scalar and vector linear spectral problems (26) and (28), namely
coincide with the eigenvalue problem for the above shift symmetry operator, while the remaining equations in (26) and (28) become, respectively,
Example: Consider the simplest nontrivial case N = 3. Then two commuting flows are given by (here
) and the subscripts indicate the corresponding partial derivatives. The compatibility conditions for (38), which read (a y ) t = (a t ) y , (b y ) t = (b t ) y , (c y ) t = (c t ) y , lead to three algebraic equations relating the second-order derivatives
which are integrable by the inverse spectral transform. The scalar Lax pair for the latter (see (37)) is given by
while the adjoint Lax pair has transposed matrices, i.e.
Remark: Both commuting hydrodynamic-type systems (37) also have the same Lax matrices, i.e. 
Hamiltonian Structure of Oriented Associativity Equations
The system of quadratic equations
is nothing but the oriented associativity equations in three-dimensional case with the unity condition (33) (see also (34)). Introduce a new set of field variables q 1 = u bb , q 2 = u bc , q 3 = v bb , q 4 = v bc , q 5 = w bb , q 6 = w bc . Then this quadratic system becomes a six-component hydrodynamic-type system
As it was already mentioned in Section 5, in the present paper we restrict ourselves to the generic case when all characteristic velocities v i (k) (a) are pairwise distinct. We seek the Riemann invariants r(a, b, c) for both commuting hydrodynamic-type systems (38) written in the diagonal form
Taking into account that r a = 1 (thanks to the shift symmetry operator δ = ∂ a , see (35)), one can obtain
where the characteristic velocities v (2) and v (3) of (38) are related polynomially,
while v (2) satisfies the characteristic equation (45) for the first hydrodynamic-type system from (38), i.e.
Since the three characteristic velocities are distinct, the commuting hydrodynamic-type systems (38) can be written in diagonal form (40), where the Riemann invariants can be found by quadratures (see (41) 
Remark: Hydrodynamic-type system (39) possesses at least two additional local conservation laws. Indeed, the existence of three Riemann invariants (see (41)) implies three additional conservation laws
Hence, the roots v k (2) are conservation law densities. However, five conservation law densities q 3 , q 6 , v 2) are related by the linear equation
by virtue of the Viète theorem. This means that just two of the above three conservation laws are new. Main Result of this Section: Upon expressing q 1 , q 2 and q 6 using the Viète theorem via q 3 , q 4 , q
, the hydrodynamic-type system (39) can be written in the local Hamiltonian form (cf. [6] )
where the flat coordinates are , the momentum density P is 
Centroaffine Geometry
Thanks to the presence of the shift symmetry operator (i.e. h 1 = λh, see the first equation in (36)) linear spectral problem (37) for normalized oriented associativity equations (see (33)) becomes
This linear system arises in centroaffine geometry. Following [5] , consider a linear overdetermined system (which is required to be compatible of rank N)
for the N-component position vector r = r(a 2 , . . . , a N ) of a hypersurface M N −1 in centroaffine geometry, where λ is a spectral parameter, g ij (a 2 , . . . , a N ) is a pseudo-Riemannian metric, and Γ k ij (a 2 , . . . , a N ) are components of a torsionless affine connection (which in general is not the Levi-Civita connection of flat metric g ij ). The conformal class of g ij is nothing but the second fundamental form of M N −1 .
The compatibility conditions for this system have the form (see [5] )
The equations
mean that the components of the metric tensor (in these coordinates a k ) are second derivatives of a single function g(a) with respect to the corresponding coordinates a k (i.e. g ik ≡ ∂ 2 g/∂a i ∂a k ), while the components of the affine connection Γ i jk are also second derivatives of a single vector function Γ(a) (i.e. Γ s ik ≡ ∂ 2 Γ s /∂a i ∂a k , where Γ s are components of the vector function Γ(a)). Following [5] , one can split the affine connection on two parts, i.e.
where the first block T . In such a case, linear system (43) is replaced again by more general linear system (26).
Note that these formulas bear considerable resemblance with the formulas for c i jk for the associativity equations (the famous WDVV equation) at p. 36 in [5] . In fact, our formulas reduce to those of Ferapontov if the metric g ij is constant in the coordinates a i : g ij =η ij = const. Examples: The oriented associativity equations in three-dimensional case with the unity condition (33) are nothing but a system of quadratic equations (see (38) and below)
Three distinguished versions of the WDVV associativity equations can be singled out by the special choices of the metricsḡ ik (see (6)). If η 11 = η 22 = η 33 = 1 (and all other entries of η ik are equal to zero), then (see (5) and (34))
where the three above quadratic equations reduce to a single one (v = z b , w = z c and u
where the three aforementioned quadratic equations reduce to a single one (u = bc, v = z c , w
where the three corresponding quadratic equations reduce to a single one
The first two examples are associated with the hypersurfaces endowed with flat centroaffine metrics (see [5] for details), while the third example is related to a non-flat centroaffine metric, because g bb = u bb , g bc = u bc , g cc = u cc and all components of the Riemann curvature tensor do not vanish.
Thus, we established a link (in fact, an equivalence) between the oriented associativity equations with unity and centroaffine geometry in a general non-flat case (cf. [5] ).
Inverse Construction
In the preceding sections we constructed the transformation from symmetry consistent conjugate curvilinear coordinate nets to the oriented associativity equations. In this section, we briefly discuss the inverse transformation.
• Any solution of oriented associativity equations (1) is associated with the corresponding hydrodynamictype systems (4).
• Suppose that all characteristic velocities v i (k) (a) of each hydrodynamic-type system (4) are distinct, i.e. the algebraic equations (for each fixed index k)
have just simple roots. In this paper we restrict our consideration to this semi-simple case only.
• If an N-component hydrodynamic-type system has pairwise distinct characteristic velocities (see (45)), N conservation laws (see (17) ) and all components of the Haantjes tensor (see [7] ) vanish, then this hydrodynamic-type system is semi-Hamiltonian (see [17] ) and can be written in diagonal form (i.e., N Riemann invariants exist). The Nijenhuis tensor for the hydrodynamic-type system (23) reads (below in this Section
and the Haantjes tensor has the form
For each system (4) with the time variable t s we readily find that the Nijenhuis tensor reduces to the form (recall that the summation is over the pairs of oppositely located repeated indices only) This expression formally contains eight blocks. However, the fourth and fifth blocks coincide. Thus, the Haantjes tensor reduces to the six-block form • In such a case (see (22)), the Riemann invariants can be found by quadratures
where the characteristic velocities v i (k) (a) also (see (45)) satisfy quadratic relations (cf. [4] )
This means that the functions a n (upon inverting the point transformation (46)) can be expressed via the Riemann invariants r k .
• Then following Tsarev's construction (see [17] for details), one can compute the so-called Lamè coefficients (the expressions on the r.h.s. are equal for all values of s)
• Then following Darboux (see [1] for details), one can find the rotation coefficients
which satisfy 2 system (7), (8) describing symmetry consistent conjugate curvilinear coordinate nets. Indeed, since the rotation coefficients are the same for all commuting flows (4), without loss of generality consider just N − 1 commuting hydrodynamic-type systems (31). Then (46) reduces to the form Since the Lamè coefficients H (1)i can be found from (cf. (47))
, where χ i (r i ) are arbitrary functions. Thus, one can choose
. Then δH (1)i = 0, i.e. the corresponding rotation coefficients β ik depend on differences of the Riemann invariants, because δβ ik = 0, which follows from (48). So, we conclude that any solution of the oriented associativity equations (1) gives rise to some solution of system (7), (8) describing symmetry consistent conjugate curvilinear coordinate nets.
The Widest Class of Semi-Hamiltonian Hydrodynamic-Type Systems
Instead of complicated integration of infinite sets of recursion relations (11) (see (49) and (50)), one can easily integrate the other infinite sets of recursion relations (see (26) and (28) 
The construction of all these four recursion relations includes the following steps:
• Since ψ Thus, we had a basic set of solutions H (i)k . Then we reconstructed the adjoint basic set of solutions ψ (k)
m . Then we found N conservation law densities a k and N conservation law densities c k . So, we have found all structure constants c i jk with unity condition (33).
• Then step by step (see (51)) we can find N infinite series of higher conservation law densities h • Since ∂ i h (n,k) = ψ Moreover, we want to find general solutions of linear systems (9) without extra conditions (10) . This is essential for application of the generalized hodograph method (see [17] ). However, just in some very special cases general solutions of linear systems (9) can be found explicitly. Nevertheless, using the approach suggested in [17] , one can see that any initial data for the linear system (9) can be approximated by linear combinations infinitely many particular solutions H (n,k) i , ψ (n,k) j with appropriately chosen coefficients ξ n,k . This means that the general solution of an arbitrary semi-Hamiltonian hydrodynamic-type system (27) whose rotation coefficients depend on differences of Riemann invariants only can be found using the generalized hodograph method (see [17] ) and has the form
Conclusion
In this paper, we considered three distinguished objects: oriented associativity equations, symmetry consistent conjugate curvilinear coordinate nets and semi-Hamiltonian hydrodynamic-type systems whose rotation coefficients depend on differences of the Riemann invariants only. We have shown that these objects are closely related, and thus the knowledge about one of them implies the knowledge about the others.
